Abstract. We construct the skein category S of the annulus and show that it is equivalent to the affine Temperley-Lieb category of Graham and Lehrer. It leads to a skein theoretic description of the extended affine Temperley-Lieb algebras. We construct an endofunctor of S that corresponds, on the level of tangle diagrams, to the insertion of an arc connecting the inner and outer boundary of the annulus. We use it to define and construct towers of extended affine Temperley-Lieb algebra representations. It allows us to construct a tower of representations acting on spaces of link patterns on the punctured disc which play an important role in the study of loop models. We finally describe this tower in terms of fused extended affine Temperley-Lieb algebra representations.
Introduction
In [16, 17] Kauffman constructed a knot invariant based on an elementary combinatorial rule for eliminating crossings in the associated knot diagram. In doing so he introduced the two skein relations, the Kauffman skein relation (3.1) and the loop removal relation (3.2) . It has led to skein theory, the study of knots and links in 3-manifolds modulo the Kauffman skein relation and the loop removal relation, see, e.g., [25, 22, 20, 1] . The current paper deals with the 3-manifold A×[0, 1], with A the annulus in the complex plane.
We introduce and study the skein category S of the annulus A. It is the linear category with objects the nonnegative integers and morphisms Hom S (m, n) the linear skein of the annulus with m marked points on the inner boundary and n marked points on the outer boundary. In other words, Hom S (m, n) consists of the ambient isotopy classes of (m, n)-tangle diagrams on the annulus modulo the congruence relation generated by the Kauffman skein relation and the loop removal relation.
Following closely Przytycki [23, §3] , we construct a relative version of the Kauffman bracket to prove that the skein category S is equivalent to Graham and Lehrer's [12] affine Temperley-Lieb category. As a consequence it follows that the endomorphism algebra End S (n) := Hom S (n, n) is isomorphic to Green's [14] n-affine diagram algebra, also known as the (extended) affine Temperley-Lieb algebra.
We will define an endofunctor I of S called the arc-insertion functor, which on the level of morphisms inserts a new arc connecting the inner and outer boundary of the annulus in a particular way while undercrossing all arcs it meets along the way. On the level of endomorphisms it provides a tower of algebras End S (0) with connecting maps I n the algebra maps I| End S (n) : End S (n) → End S (n + 1). This tower was considered before in the context of knot theory [3] and in the context of fusion of extended affine Temperley-Lieb algebra representations [9] respectively. It differs from the arc-tower from e.g. [9, 5] , which is defined with respect to the two-step algebra embedding End S (n) → End S (n + 2) that corresponds to the identification of an idempotent subalgebra of End S (n + 2) with End S (n).
We introduce and study towers
of extended affine Temperley-Lieb algebra representations. These are chains of left End S (n)-modules V n (n ∈ Z ≥0 ) connected by morphisms φ n : V n → Res In (V n+1 ) of End S (n)-modules, where Res
In (V n+1 ) is the TL n+1 -module V n+1 viewed as TL n -module via the algebra map I n : End S (n) → End S (n + 1).
Our motivation for studying such towers stems from integrable models in statistical physics with extended affine Temperley-Lieb algebra symmetry. Examples are inhomogeneous dense loop models and inhomogeneous XXZ spin-1 2 chains with quasi-periodic boundary conditions, see, e.g., [15, 6, 11] and references therein. In this context the representation space V n of the tower represents the state space of the model at system size n and the connecting maps relate the models of different system sizes.
We introduce a special tower of extended affine Temperley-Lieb algebra representations, which we will call the link pattern tower. It depends on a free parameter v. For even n the representation space is spanned by ambient isotopy classes of (0, n)-tangle diagrams in A without crossings and without loops, connecting n marked points on the outer boundary of A. For odd n the tangle diagrams include a defect line connecting the outer boundary to the inner boundary, and we add the rule that Dehn twists of the defect line may be removed by a weight factor v (see (10.3) ). The End S (n)-action is described as follows. The skein class of an (n, n)-tangle diagram on the annulus acts on a diagram D ∈ V n by placing D inside the (n, n)-tangle diagram, removing crossings and contractible loops by the skein relations, and removing noncontractible loops by a particular weight factor depending on v (see (10.2) ).
For v = 1 the representation spaces may be naturally identified with spaces of link patterns on the punctured disc D by shrinking the hole of the annulus to a point. The resulting representations arise in [15, 6] as the state spaces of the inhomogeneous dense O(τ ) loop models on the half-infinite cylinder.
For even n the connecting maps φ n : V n → V n+1 of the link pattern tower correspond, from the skein theoretic perspective, to the insertion of a defect line, undercrossing all arcs it meets along the way. These maps were considered before in [6] in the study of the inhomogeneous dense loop model on the half-infinite cylinder. The connecting maps φ n : V n → V n+1 for odd n are more subtle. From a skein theoretic perspective they can be described as follows. The connecting map φ n acts on a diagram by detaching the defect line from the inner boundary and reconnecting it to the outer boundary in two different ways, either encircling the hole of the annulus before reattaching it to the outer boundary, or not. These two contributions are given explicit weights depending on v and on the Temperley-Lieb algebra parameter, see Theorem 10.3.
We show that the link pattern tower is nondegenerate for generic parameter values, in the sense that the induced morphisms φ n : Ind
In (V n ) → V n+1 of End S (n + 1)-modules are surjective, where Ind
In (V n ) is the End S (n + 1)-module obtained by inducing V n along the algebra map I n : End S (n) → End S (n + 1). We relate the link pattern tower to the recently introduced fusion [9] of extended affine Temperley-Lieb algebra modules. We construct for each n ∈ Z ≥0 a fused End S (n + 1)-module W n+1 and a morphism ψ n : W n+1 → V n+1 of End S (n + 1)-modules such that φ n factorizes through ψ n . The End S (n + 1)-module W n+1 is obtained by fusing the End S (n)-module V n with an onedimensional End S (1)-module.
In our future work [4] we use the link pattern tower to construct a tower of solutions to quantum Knizhnik-Zamolodchikov (qKZ) equations. The tower consists of V n -valued solutions of qKZ equations (n ∈ Z ≥0 ) which are compatible with respect to the connecting maps φ n . At the stochastic/combinatorial value of the extended affine Temperley-Lieb parameter, the V n -valued solution in the tower reduces to the ground state of the dense O(1) loop model on the half-infinite cylinder with perimeter n. In that case the tower structure gives explicit recursion relations of the ground states with respect to the system size, leading to a refinement of the results in [6] .
The structure of the paper is as follows. In Sections 2 and 3 we define the category of tangle diagrams, T and the skein category of the annulus, S, respectively. Some definitions might seem verbose given that pictures provide an intuitive understanding. However, the detail is required as there are subtle issues that need to be made precise. In Sections 4 and 5 we introduce the Temperley-Lieb category and show that it is equivalent to S. The Temperley-Lieb category was originally defined in terms of affine diagrams. We use an equivalent definition using tangle diagrams, which is more convenient for our purposes. In Section 6 we define the extended affine Temperley-Lieb algebra, TL n , algebraically and we show that it is isomorphic to End S (n). This utilises the equivalence of categories established in Sections 4 and 5. Section 7 follows with us recalling the extended affine braid group, B n and the extended affine Hecke algebra, H n . We recall how the algebra TL n is a quotient of H n , and how H n is a quotient of C[B n ]. In Section 8 we define the arc insertion functor I : S → S and we discuss how the resulting tower of extended affine Temperley-Lieb algebras lift to extended affine braid groups and extended affine Hecke algebras. In Section 9 we introduce the notion of towers of extended affine Temperley-Lieb algebra modules. In Section 10 we construct the link pattern tower. We show in Section 11 how the link pattern tower is related to fusion. Finally we discuss a B-type presentation of the extended affine Temperley-Lieb algebra in Section 12.
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The category of tangle diagrams

Consider the annulus
A := {z ∈ C | 1 ≤ |z| ≤ 2} in the complex plane. We write ∂A = C i ∪ C o for the boundary of D, with C i := S 1 the unit circle and C o = 2S 1 (the indices "i" and "o" stand for inner and outer, respectively). Set ζ n := exp(2πi/n) for n ∈ Z >0 . We write M (n) i for the n marked points {ζ
on C i and M
(n)
o for the n marked points {2ζ
Let m, n ∈ Z ≥0 with m + n even. An (m, n)-tangle T in A × R is a disjoint union of smooth loops and arcs in A × R satisfying:
a. The loops are in the interior of A × R.
o } on the boundary of A × R are the endpoints of the arcs. c. The arcs intersect the boundary of A × R transversally (and hence intersect the boundary only at their endpoints). Let proj : A × R → A be the projection on the first component, proj(z, h) := z (we think of h as the height parameter). Consider the projection D := proj(T ) of an (m, n)-tangle T in A × R which is in general position with respect to proj. This means in particular that #(T ∩ proj −1 (p)) ≤ 2 for all p ∈ D and that the number of crossing points, i.e. the number of points p ∈ D such that #(T ∩ proj −1 (p)) = 2, is finite. At a crossing point of D we order the two arc segments of D that transversally cross at p by the relative heights of their preimages in T near the fiber at p. Definition 2.1. The category T of tangle diagrams in the annulus is the category with objects Z ≥0 and morphisms Hom T (m, n) the equivalence classes of (m, n)-tangle diagrams in A if m + n is even, respectively the empty set if m + n is odd. The composition map An example of the composition of two tangle diagrams is given in (2.1).
(2.1)
3. The skein category of the annulus
for the complex vector space with linear basis the equivalence classes of (m, n)-tangle diagrams in A. We take it to be {0} if m + n is odd. Extend the category T of tangle diagrams in A to a linear category by replacing the morphisms Hom T (m, n) by C[Hom T (m, n)] and extending the composition maps complex bilinearly. Denote the resulting linear category by Lin(T ). The skein category on the annulus is a quotient category of Lin(T ). The quotient is defined in terms of the following skein relations, due to Kauffman [16, 17] . Thus S is a complex linear category with objects Z ≥0 and with morphisms Hom S (m, n) being the equivalence classes in C[Hom T (m, n)] with respect to the congruence relation from Lemma 3.1. If m + n is odd then Hom S (m, n) = {0}. If D is a tangle diagram in A then we will write [D] for the corresponding element in Hom S (m, n). If no confusion can arise, then we simply write D for the corresponding element [D] .
As is customary in skein theory, we write the Kauffman skein relation in Hom S (m, n) as
and the loop removal relation in the skein module Hom S (m, n) as
with the disc showing the local neighbourhood in A where the tangle diagrams differ. We will also write down identities in skein modules by depicting both sides of the equation as linear combinations of the tangle diagrams D representing [D] .
Remark 3.3. The important observation, due to Kauffman [16, 17] , is that [D] ∈ Hom S (m, n) is invariant under the Reidemeister moves Ω ′ 1 , Ω 2 and Ω 3 (see Figure 2 ) and their mirror versions, applied to the (m, n)-tangle diagram D in A. Hence [D] represents an ambient isotopy class of a framed (m, n)-tangle in A × R, with endpoints of its arcs at {(
(suitable interpreted if m and/or n is zero). 
The affine Temperley-Lieb category
The affine Temperley-Lieb category, introduced in [12] , has affine diagrams as morphisms. These diagrams have also been introduced and defined in a slightly different way in [14] . Essentially they are ambient isotopy classes of nonintersecting arcs drawn on a rectangle that periodically repeats on an infinite horizontal strip. They can be visualised as nonintersecting arcs on the surface of a cylinder, or equivalently as nonintersecting arcs on the annulus A. To avoid introducing more notation we give the definition of affine diagrams directly in terms of tangle diagrams in A. Note that the D m,n ⊆ Hom T (m, n) (m, n ∈ Z ≥0 ) do not define a subcategory of T since the composition rule applied to affine diagrams may produce equivalence classes of tangle diagrams with contractible loops. This can be remedied as follows.
Let Lin c (T ) be the linear quotient category of Lin(T ) obtained by the congruence relation that is induced from the linear and transitive closure of only the loop removal relation (3.2). The sublabel "c" stands for contractible, signifying that in Lin c (T ) contractible loops are removed by a multiplicative factor. Note that Lin c (T ) depends on t If D is an (m, n)-affine diagram then we write {D} for the corresponding element in Note that Hom T L (m, n) = {0} if m + n is odd, and that
As stated before, in the literature (see, e.g., [12] ) an (m, n)-affine diagram D is sometimes drawn as a horizontal strip in R 2 containing a periodically repeating rectangular diagram. This rectangle is obtained by cutting the annulus and "straightening" it such that the points on the top and bottom of the rectangle are numbered increasingly from left to right. It is convenient to make a specific choice of the cut depending on the number of marked points on the inner and outer boundary. For an (m, n)-affine diagram we will cut the annulus along the straight line segment from ξ
The resulting rectangle is referred to as the fundamental rectangle of D.
An example is depicted in figure 3 . Note that the arc connecting point 1 and 2 on the top of the horizontal strip crosses the cut. Furthermore, the noncontractible loop encircling the hole of the annulus is the horizontal line in the interior of the fundamental rectangle. It is easy to see that there exists a well defined linear map
for all (m, n)-tangle diagrams D in A. Direct computations show that the map ψ respects the Kauffman skein relation (3.1) and the loop removal relation (3.2), so it gives rise to a linear map
By the Kaufmann skein relation (3.1) and the loop removal relation (3.2), the linear map ψ is the inverse of the linear map F : Hom T L (m, n) → Hom S (m, n). This shows that F is faithful. can be thought of as closing the hole of the annulus and viewing the link diagram as element in the skein module of the disc (or equivalently, of the plane). As a result one obtains the usual Kauffman [16] bracket of D, viewed as a link diagram in the plane (see [18] and [20, §1.7] ).
The extended affine Temperley-Lieb algebra
Write TL 0 := C[X] for the algebra of complex polynomials in one variable X, and write TL 1 := C[ρ, ρ −1 ] for the algebra of complex Laurent polynomials in the variable ρ. Write TL 2 for the complex associative unital algebra with generators e 1 , e 2 , ρ, ρ −1 and defining relations
where the indices are taken modulo two. Finally, for n ≥ 3 let TL n be the complex associative unital algebra with generators e 1 , e 2 , . . . , e n , ρ, ρ −1 and defining relations
where the indices are taken modulo n. Note that TL n = TL n (t 1 2 ) for n ≥ 2 depends on the nonzero complex parameter t 1 2 , which we omit from the notations if no confusion can arise. Note that the last defining relation (ρe 1 ) n−1 = ρ n (ρe n ) can be replaced by ρ 2 e n−1 = e 1 e 2 · · · e n−1 .
Remark 6.1. The definition for n = 2 and n ≥ 3 can be placed at the same footing by describing TL n in terms of the smaller set e 1 , e 2 , . . . , e n−1 , ρ, ρ −1 of algebraic generators. The defining relations then are
). TL n is called the (nth) extended affine Temperley-Lieb algebra.
Denote T L n := End T L (n) for the algebra of endomorphisms of n in the affine TemperleyLieb category T L. The following theorem is due to Green [14] for n ≥ 3.
1 i for i = 1, . . . , n (with the indices and the labels of the marked points taken modulo n).
Proof. a and b are well known (see, for instance, [20 Proof of c: A direct check shows that there exists a unique unital algebra homomorphism φ : TL 2 → T L 2 satisfying (6.3).
Recall that the set D 2 of (2, 2)-affine diagrams form a linear basis of T L 2 . The (2, 2)-affine diagrams can be described explicitly as follows.
The (2, 2)-affine diagram φ(ρ m ) for m ∈ Z is obtained from the identity element of T L 2 by winding the outer boundary counterclockwise by an angle of mπ. It follows that the pairwise distinct (2, 2)-affine diagrams φ(ρ m ) (m ∈ Z) form the subset of D 2 consisting of (2, 2)-affine diagrams whose arcs all connect the inner boundary with the outer boundary. The remaining (2, 2)-affine diagrams are the diagrams of the form
For r = 2k + 1 they are
Hence φ maps the subset
of TL 2 bijectively onto the linear basis D 2 of T L 2 . By the defining relations in TL 2 we see that (6.5) spans TL 2 . We conclude that φ is an isomorphism of algebras.
Remark 6.4. By Theorem 5.1 we now also have a skein-theoretic description End S (n) of the nth extended affine Temperley-Lieb algebra,
The skein-theoretic description of the finite Temperley-Lieb algebra is described in [16, 17, 18, 20] .
7. The extended affine braid group and the extended affine Hecke algebra
In this section we take n ≥ 3. The affine Temperley-Lieb algebra TL n of type A n−1 is the subalgebra of TL n generated by e 1 , e 2 , . . . , e n , see [7] . The defining relations of TL n are given by the first three lines in (6.1). Note that Z acts on TL n by algebra automorphisms with m ∈ Z acting by e i → e i+m (with the indices modulo n). Let TL e n be the corresponding crossed product algebra Z ⋉ TL n , Note that TL e n is isomorphic to the algebra generated by e 1 , . . . , e n , ρ ±1 with defining relations all but the last relation in (6.1). In this identification the element of TL e n associated to the automorphism e i → e i+1 corresponds to the generator ρ. It follows that TL n ≃ TL e n / ρ 2 e n−1 − e 1 e 2 · · · e n−1 with ρ 2 e n−1 − e 1 e 2 · · · e n−1 the two-sided ideal generated by ρ 2 e n−1 − e 1 e 2 · · · e n−1 . In [7] the affine Temperley-Lieb algebra TL n is realized as a quotient of the affine Hecke algebra of type A n−1 . We recall this here, and give the extension of this result to TL e n .
Definition 7.1. The extended affine Hecke algebra H n of type A n−1 is the unital complex associative algebra with generators T 1 , T 2 , . . . , T n , ρ, ρ −1 and defining relations
where the indices are taken modulo n.
Note that T i ∈ H n is invertible with inverse T
The affine Hecke algebra of type A n−1 is the subalgebra H n of H n generated by T 1 , T 2 , . . . , T n . The defining relations of H n are given by the first three lines in (7.1). The extended affine Hecke algebra H n is isomorphic to the crossed product algebra Z ⋉ H n , where m ∈ Z acts on H n by the algebra automorphism T i → T i+m (with the indices modulo n).
Proposition 7.2. There exists a unique surjective algebra map ψ n : H n → TL e n satisfying ρ → ρ and T i → e i + t − 1 2 . The kernel of ψ n is the two-sided ideal in H n generated by the elements
Proof. Fan and Green [7] showed that the kernel of the unique surjective algebra map
2 is generated by the elements (7.2) (see also [13] ). The proposition now follows since the Z-actions on H n and TL n are intertwined by ψ n .
The extended affine braid group B n is the group generated by σ 1 , σ 2 , . . . , σ n , ρ with defining relations
where the indices are taken modulo n, see e.g. [13] for details. Recall that B n can be realized topologically in terms of n strands in C * × [0, 1] starting at {(2ξ j−1 n , 0)} n j=1 and ending at {(2ξ j−1 n , 1)} n j=1 , cf., e.g., [13] .
Given a braid in B n , project it onto the cylinder 2S 1 ×
Note that µ n ( ρ) = ρ and µ n (σ i ) = t Clearly I maps the identity morphism to the identity morphism. So it remains to show that I respects compositions of morphisms. But this follows from the rule that the inserted line does not cross the cut of the fundamental rectangle.
For n ∈ Z ≥0 , the unit preserving algebra map I| Sn : End S (n) → End S (n + 1) can be interpreted as an algebra map I n : TL n → TL n+1 since TL n ≃ End S (n) (see Theorem 6.3 and Remark 6.4). In the following proposition we explicitly compute I n on the generators of TL n . Proof. These are direct computations in the skein module.
Proof of a:
We have X = so
by the Kauffman skein relation (3.1).
Proof of b:
We have ρ = 1 so
by applying the Kauffman skein relation (3.1) to the crossing and rewriting the resulting expressions in terms of the generators of TL 2 (compare with the proof of Theorem 6.3c).
In a similar way one proves the explicit formula for
Proof of c: The formulas for I n (ρ ±1 ) ∈ TL n+1 are obtained by a similar computation as in b. For 1 ≤ i < n, applying the arc insertion functor to e i ∈ TL n does not introduce crossings. The resulting (n + 1, n + 1)-affine diagram represents the generator e i in TL n+1 , so I n (e i ) = e i .
Note that applying the arc insertion functor to e n ∈ TL n introduces two crossings. Resolving both crossings with the Kauffman skein relation (3.1) and expressing the resulting linear combination of four (n+1, n+1)-affine diagrams in terms of the generators of TL n+1 yield the formula I n (e n ) = t 1 2 e n e n+1 + t − 1 2 e n+1 e n + e n+1 + e n = (t Let n ≥ 3 for the remainder of this section (with appropriate adjustments the following remark can be extended to n ≥ 0).
Let I br n : B n → B n+1 be the group homomorphism that topologically is described by sticking in an additional braid between the nth and the first braid, with the new braid running "behind" all other braids (but not wrapping around the pole). For example, It is the unique group homomorphism satisfying
n . Extending I br n linearly to an algebra map I br n :
], we have µ n+1 • I br n = I| Sn • µ n with µ n : C[B n ] → S n the algebra map as defined in the previous section.
In addition, it is easy to show that there exists a unique unit preserving algebra map Remark 8.4 . The maps I br n and I n were constructed before in [3, 9] .
Towers of extended affine Temperley-Lieb algebra modules
In [3] the sequence {I n } n∈Z ≥0 of algebra maps I n : TL n → TL n+1 was used to study affine Markov traces. In [9] it was used to study fusion of affine Temperley-Lieb representations. In the next two sections we use the sequence {I n } n∈Z ≥0 of algebra maps to introduce the notion of towers of extended affine Temperley-Lieb representations. We construct examples that are relevant for understanding the dependence of dense loop models and Heisenberg XXZ spin-1 2 chains on their system size (cf. [15, 6, 4] ). We first introduce some notations. Let A be a C-algebra. Write C A for the category of left A-modules. Write Hom A (M, N ) for the space of morphisms M → N in C A , which we will call intertwiners. Suppose that η : A → B is a (unit preserving) morphism of C-algebras. Write Ind for Z ∈ B and m ∈ M . We use the shorthand notation C n for C TLn . For a left TL n+1 -module V n+1 we use the shorthand notation V I n+1 for the left TL n -module Res In (V n+1 ).
of extended affine Temperley-Lieb algebra modules consists of a sequence {(V n , φ n )} n∈Z ≥0 with V n a left TL n -module and φ n ∈ Hom TLn V n , V I n+1 . In the definition of towers {V n , φ n )} n∈Z ≥0 of extended affine Temperley-Lieb algebra modules we do not require conditions on the intertwiners φ n , in particular allowing trivial intertwiners. A stronger version of towers avoiding trivial intertwiners is as follows. Definition 9.3. We say that the tower {(V n , φ n )} n∈Z ≥0 of the extended affine TemperleyLieb algebra modules is nondegenerate if φ n : Ind
In (V n ) → V n+1 is surjective for all n ∈ Z ≥0 .
In particular, for a nondegenerate tower {(V n , φ n )} n∈Z ≥0 of extended affine TemperleyLieb algebra modules, the module V n+1 is a quotient module of Ind
In (V n ),
We give an example of a nondegenerate tower of extended affine Temperley-Lieb algebra modules in the next section.
The link pattern tower
Motivated by applications to integrable models in statistical physics [15, 6, 4] , in particular to the dense loop model and the Heisenberg XXZ spin− 1 2 chain, we are going to construct a family of towers of extended affine Temperley-Lieb algebra representations acting on spaces of link patterns on the punctured disc. We again use the skein categorical context to build the tower.
We first build the extended affine Temperley-Lieb algebra modules. For n = 2k with k ∈ Z ≥0 , note that Hom S (0, 2k) is a (TL 2k , TL 0 )-bimodule. Define for u ∈ C, [9] ). Concretely, writing u = x + x −1 with x ∈ C * , we have
Next we study towers having V 2k (u) and V 2k+1 (v) as building blocks. For this we need special elements in the skein modules End S (0), End S (1) and Hom S (0, 2). Let ∅ ∈ End S (0) be the skein class of the empty tangle diagram in A and 1 ∈ End S (1) the identity morphism. Then V 0 (u) = C∅ u and 
otherwise.
where we have used the loop removal relation (3.2) in the derivation of the first identity. Writing m α,β := α(c + ) u + β(c − ) u ∈ V 2 (u) with α, β ∈ C we obtain from (10.1),
The result follows since M has eigenvalue one with eigenspace C t 1 4 v .
The following theorem shows that φ 0 and φ 1 can be extended to a nondegenerate tower Note that the intertwiners φ 0 and φ 1 can alternatively be characterized by the formulas
Theorem 10.3. Let v ∈ C * and set u := t
(ii) The tower
of extended affine Temperley-Lieb algebra representations is nondegenerate if
Proof. (i) If the maps φ 2k and φ 2k+1 are well-defined, then they are obviously intertwiners. To prove that φ 2k and φ 2k+1 are well-defined we have to show that
. This is analogous to the proof of Lemma 10.2.
(ii) Denote by C (2k) ∈ Hom S (0, 2k) and C (2k+1) ∈ Hom S (1, 2k + 1) the skein classes of the tangle diagrams
v . Let M 2k be the vector space spanned by the link patterns (noncrossing perfect matchings) on a strip of {1, . . . , 2k}, viewed as left module over the subalgebra TL f in 2k of TL 2k generated by e 1 , . . . , e 2k−1 (see, e.g., [10] ). Let L (2k) ∈ M 2k be the link pattern connecting j to 2k + 1 − j for j = 1, . . . , 2k. By wrapping the strip on the annulus in such a way that {1, . . . , 2k} correspond to the marked points 2ξ
By inserting in addition an arc in A connecting 1 to 2ξ 2k+1 not intersecting the cut of the fundamental rectangle and not intersecting the other arcs, we get an injective TL f in
With these observations and the fact that ρ ∈ TL n can be used to turn diagrams counterclockwise by an angle of 2π/n, the claim is a consequence of
This in turn is easy to establish using the alternative description of link patterns of {1, . . . , 2k} in terms of Dyck paths (see, e.g., [11, §2.4 
]).
Now note that
Remark 10.4. The two skein classes ρ −k • C (2k) and ρ −k • C (2k+1) play an important role in determining the normalisation of the ground state of the dense loop model (see [4, 6, 15] ).
Fix v ∈ C * and set u = t Let C 2k be a set of representatives of the ambient isotopy classes of (0, 2k)-affine diagrams without loops. Let C 2k+1 be a set of representatives of the ambient isotopy classes of the (1, 2k + 1)-affine diagrams whose defect line lies within the fundamental rectangle of the diagram. By definition, the defect line of a (1, 2k + 1)-tangle diagram is the arc connecting the inner boundary of A with the outer boundary of A. Then Note that the intertwiners φ 2k of the link pattern tower are simply given by the insertion of an arc in the underlying (0, 2k)-tangle diagrams connecting the outer boundary with the inner boundary. This newly inserted arc is the defect line.
The intertwiners φ 2k+1 in the link pattern tower are more subtle. The intertwiner φ 2k+1 acts on the representative of a (1, 2k + 1)-tangle diagram by detaching the defect line from the inner boundary and re-attaching it to the outer boundary in two different ways: either by enclosing the hole, or not. These two contributions get different weights t Let D := {z ∈ C | |z| ≤ 2} be the unit disc of radius two and D * := D \ {0}. Let L 2k be the set of link patterns in D * connecting the 2k marked points {2ξ
, it the set of perfect noncrossing matchings within D * of the marked points {2ξ
i=1 . For n = 2k + 1 odd, let L 2k+1 be the set of link patterns in D connecting the 2k + 2 marked points {0} ∪ {2ξ
. In this context we call the line connecting to the puncture 0 the defect line. Since the defect line is now connected to 0 instead of the hole of the annulus we are loosing the information about how exactly the defect line is connected to 0. In other words, adding Dehn twists to the defect line does not change the link pattern. We are now going to realize the link pattern tower on the space of link patterns when the twist weight v is one.
For this consider the map A → D := {z ∈ C | |z| ≤ 2} given by re iθ → 2e 2−r r−1 e iθ . It is a radial map that fixes the outer boundary 2S 1 and maps the inner boundary S 1 of A onto 0 ∈ D. In this way the set C n of affine diagrams in A labelling a basis of the nth representation space in the link pattern tower is identified with L n for n ∈ Z ≥0 . This results in a vector space identification of L n with the complex vector space C[L n ] having L n as its linear basis. We now transport the TL 2k -module structure on V 2k (u) and the TL 2k+1 -module structure on V 2k+1 (v) to C[L 2k ] and C[L 2k+1 ] respectively through these isomorphisms. It leads to an explicit realization of the link pattern tower with twist weight one as a tower {(φ n , C[L n ])} n∈Z ≥0 of extended affine Temperley-Lieb algebra representations acting on link patterns on D * .
Note that the descriptions of the intertwiners φ 2k and φ 2k+1 in terms of link patterns are as before: φ 2k is the insertion of a defect line, and φ 2k+1 is detaching the defect line from the puncture 0 and re-attaching it to the outer boundary in two different ways. Note though that the crucial second description of φ 2k+1 , in which a second defect line is added first and then the two defect lines are detached from the puncture 0 and connected to each other in two different ways, requires that one works on the annulus A instead of on the punctured disc D * .
Example 10.7.
(1) Example of the action of e 2 ∈ TL 3 on C[L 3 ]: 
with twist weight one plays an important role in the study of the dense loop model on the semi-infinite cylinder [15, 6, 4] . The representation space C[L n ] is the state space of the model of system size n. In [6] the dense loop model of system size 2k + 1 is related to the dense loop model of system size 2k through the map φ 2k . The results in this paper allows one to also relate the dense loop model of system size 2k + 2 to the dense loop model of system size 2k + 1 through the (nontrivial) intertwiner φ 2k+1 . We will return to this in [4] , in which we also derive recursion relations for associated ground states and for associated solutions of quantum Knizhnik-Zamolodchikov equations.
The link pattern tower and fusion
Let d n ∈ TL n ≃ End S (n) be the skein class of the (n, n)-tangle diagram
In terms of the algebraic generators of TL n , the element d n+1 can be expressed as
Note that d n ∈ TL n is invertible and that
In particular, d n+1 lies in the centralizer of I n (TL n ) in TL n+1 . Hence the algebra map I n : TL n → TL n+1 extends to an algebra map
This is the special case ǫ n,1 of the algebra maps ǫ n,m : TL n ⊗ TL m → TL n+m (n, m ∈ Z ≥0 ) defined in [9, (3.14) ]. The algebra maps ǫ n,m were used in [9] to define the fusion product of modules over extended affine Temperley-Lieb algebras as follows.
Definition 11.1 ( [9] ). The fusion product of a left TL n -module M 1 and a left TL mmodule M 2 is the left TL n+m -module
Consider the link pattern tower
of TL 2k+1 -modules and TL 2k+2 -modules respectively, defined by
be the link pattern tower. Then the intertwiner φ n factors through π n . In other words, there exist unique intertwiners
of TL 2k+1 -modules and TL 2k+2 -modules respectively, such that ψ n • π n = φ n for all n ∈ Z ≥0 .
Proof. It suffices to show that for all w 2k ∈ V 2k (u) and w 2k+1 ∈ V 2k+1 (v),
Write w 2k = Y u with Y ∈ Hom S (0, 2k) and w 2k+1 = Z v with Z ∈ Hom S (1, 2k + 1). Then
where we used (11.1) and the fact that d 1 = ρ ∈ TL 1 for the second equality. To prove the second equality of (11.2), first note that It is known that B B n is isomorphic to the extended affine braid group B n , with the isomorphism given by if |j − i| ≥ 2, e i e i±1 e i = e i , τ e i = e i τ if i > 1, e 1 τ e 1 = αe 1 = e 1 α,
For n = 0 and n = 1 we set TL Proof. We have to show that there exists a well defined algebra map f n : TL B n → TL n satisfying f n (e i ) = e i (1 ≤ i < n) and f n (τ ) = −t . We omit the proof as it is a straightforward check that all the algebra relations are respected by f n and g n . For these checks it is convenient to use the presentation of TL n in terms of the generators ρ ±1 , e 1 , . . . , e n−1 as given in Remark 6.1. Using the B type presentation of TL n the algebra maps I n : TL n → TL n+1 takes on a simple form.
Corollary 12.3. The algebra maps I n : TL n → TL n+1 , viewed as algebra maps TL B n → TL B n+1 via the identification TL B n ∼ = TL n , satisfies τ → τ and e i → e i for 1 ≤ i < n.
Using Corollary 12.3 in combination with [23, Thm. 3.13(b) ] it follows that the algebra map I n : TL n → TL n+1 is injective.
